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Abstract

This report provides an in depth investigation into the dynamics of dark energy using scalar fields with
exponential potentials. We begin with an overview of the Friedmann equations and an explanation of the

cosmological constant problem, which provides motivation for alternative models of dark energy. This
prompts a discussion of quintessence and the use of exponential potentials, for which an exact solution is
examined. The dynamics of a scalar field in the presence of a single background fluid are reviewed, then

extended to facilitate a second background fluid and the equations of motion are presented. The fixed points
of the system are analysed and provided for a general set of fluids γ1 and γ2. We derive a condition for

measuring the time at which the scalar field will cause accelerated expansion, then modify the potential to
include a second exponential term, transitioning the system from a scaling regime into an accelerating

regime. This allows us to simulate the evolution of the universe, however high levels of fine tuning are found
to be required to do so. Constraints are placed on the slopes of the potential and the initial conditions, with
which we predict the universe will begin to accelerate at redshift za = 0.61 ± 0.22. Further constraints are
placed on the free parameters in the potential by using observed values for cosmological parameters, which

again confirm the level of fine tuning. Finally we discuss possible applications of the model such as the
Hubble tension and investigating domain walls. Using a naive method we find that domains walls must have
Ωd < 0.18 ± 0.02 at early times for the universe to evolve as expected. The appendix contains a full list of

fixed points and eigenvalues for general fluids in each case analysed.
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1. INTRODUCTION

In the field of cosmology, scalar fields play a vital role
in explaining the dynamics of the early universe. In-
flation is a term used to describe a period of incredibly
rapid exponential expansion that increased the size of
the universe by the order 1022 [1]. The first model of
inflation was published by Guth, Ref. [2], as a method
of resolving the flatness problem. It used a scalar field
slowly rolling down a shallow potential to provide the
huge negative pressure required for the large expan-
sion. This was hypothesised approximately 4 decades
ago, and at this time it was unknown that the universe
was undergoing an accelerated expansion at present,
which was observed for the first time 2 decades ago.
Refs. [3, 4] both independently made observations of
type Ia supernovae that suggested that the universe is
accelerating. This is in stark contrast to the accepted
theories at the time of Einstein, as it was believed that
the universe was stationary and did not evolve. Sur-
prisingly, though, an idea introduced by Einstein, al-
beit for a different purpose, can be used to explain the
observed accelerated expansion. There is a significant
problem with this method however. While it has been
shown that the cosmological constant model is the best
at describing the observable universe [5], when com-
pared to the predictions of quantum field theory there
is a disagreement of huge proportions [6]. This prob-
lem, as well as other background for this work shall be
discussed in the next chapter.

The energy associated with the accelerated expan-
sion has been named ’Dark Energy’, and problems in
the current theory has motivated the investigation of
alternative methods. Logically, since the scalar fields
can provide a large expansion during the time of infla-
tion, many theories of dark energy also use scalar fields
to provided this acceleration. We shall focus on on a
specific type, Quintessence, coupled with an exponen-
tial potential motivated by Ref. [7].

In Chapter 4 we shall devise a model that extends
upon the work of Ref. [7], by increasing the number
of fluids present and modifying the potential. A large
amount of analysis was performed on the fixed points
of these systems. This required calculation of eigen-
values used to determine the stability of the system
when subject to a small perturbation. The tables for
the fixed points are included within the text where ap-
propriate, others are included in the appendices along
with the eigenvalues.

Chapter 5 builds upon the devised scalar field model
and uses observations from modern surveys, such as
the Planck 2018 results [8], to place constraints on the
free parameters in the model. Finally, we will discuss
some applications of the scalar field model and why it
is useful as more than just a dark energy candidate.

While reading this report you should be aware that
for convenience natural units will be used unless ex-
plicitly stated otherwise. This specifies that c = h =
G = 1, that is, the speed of light c, Planck’s con-
stant h and Newtons gravitational constant are all set
to unity. Unless stated otherwise we shall also use
k2 = 8πG, with G being the aforementioned Gravi-
tational constant and thus equal to one. Numerical
simulations were used to a large degree throughout this
research, however due to the nature of the simulations
it is very difficult to calculate meaningful errors on re-
sults. Where possible they are calculated and included,
however, many values are simply rounded outputs. In
most simulations, time was measured as the number
of e-foldings, N = log(a), and so should be assumed
unless stated otherwise.

2. PROPERTIES OF THE UNIVERSE

2.1. FLRW cosmology and the cosmological
constant

The Einstein field equations describe much of cosmol-
ogy to a great level of accuracy. This is especially true
in the presence of symmetries, for some of which the
equations yield analytical solutions. The cosmological
principle states that on large scales (order 100Mpc) the
universe is isotropic and homogeneous [1]. These are
the symmetries leveraged by the Friedmann-Lemâıtre-
Robertson-Walker (FLRW) metric. It is commonly
written,

ds2 = −dt2 + a2(t)

[
dr2

1− kr2
+ r2(dθ2 + sin2 θdφ2)

]
,

(2.1)
where k corresponds to the Gaussian curvature of the
universe and a(t) is the scale factor by which space
expands. The constant k in this equation determines
the spacial geometry of the universe. k = −1 implies an
open hyperbolic universe, k = 0 a flat infinite universe
and k = 1 a closed spherical universe. We should note
how only the scale factor a has a time dependence, that
is to say, all the dynamics of the universe are contained
within the evolution of the scale factor and the overall
geometry of the universe will remain constant in time.
Due to this, the universe can only expand or contract
at a rate given by the evolution of a, and we can solve
for this evolution using the Einstein equations for a
given energy-momentum tensor.

An appropriate form for the energy density of a
homogeneous, isotropic universe would be a perfect
barotropic fluid. These fluids are defined such that
the energy-momentum tensor is,

Tµν = diag(−ρ, p, p, p), (2.2)
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where ρ is the density and p is pressure, and the den-
sity is a function of pressure only [9]. We can con-
sider a universe containing i of said fluids by allowing
ρ and p to represent the sum of the density and pres-
sure contributions from each fluid respectively. With
this energy-momentum tensor and the FLRW metric,
the Einstein equations can be simplified to three evolu-
tion equations governing the dynamics of the universe,

H2 =

(
ȧ

a

)2

=
κ2

3
ρ− k

a2
, (2.3)

Ḣ +H2 =
ä

a
= −κ

2

6
(ρ+ 3p) . (2.4)

The first equation being the Friedmann equation and
the second commonly referred to as the acceleration
equation, since it contains a second derivative of the
scale factor a. Here, dots represent a time derivative,
H is the Hubble parameter and both a and k are the
same as defined in Equation (2.1), with κ2 = 8πG, G
being Newtons gravitational constant.

Finally, derived from the conservation of the energy-
momentum tensor, the continuity equation,

ρ̇ = −3H (ρ+ p) , (2.5)

where again, H is the Hubble parameter and ρ and
p are the total density and pressure of fluids. The
derivation for all three of these equations are well doc-
umented in Refs. [1, 9, 10, 11].

When these equations were first derived it was con-
sensus among cosmologists that the universe was static,
thus it was natural to assume that ȧ = ä = 0. This
would simplify Equation (2.3) and Equation (2.4) to,

ρ = −3p =
3k

κ2a2
. (2.6)

We can see here that since density must always be pos-
itive, we would require a negative pressure to satisfy
the static universe model, and hence Einstein ruled it
a non-physical result. To remedy this, Einstein intro-
duced a constant term in his equations, namely Λ the
cosmological constant. The introduction of this con-
stant in the Einstein equations is inherited by Equa-
tion (2.3) and Equation (2.4), requiring modification
such that,

H2 =

(
ȧ

a

)2

=
κ2

3
ρ− k

a2
+

Λ

3
, (2.7)

Ḣ +H2 =
ä

a
= −κ

2

6
(ρ+ 3p) +

Λ

3
, (2.8)

If we now perform the same calculation as before by
setting ȧ = ä = 0 then the resulting requirements are,

ρ =
2Λ

κ2
, Λ =

k

a2
. (2.9)

The non-physical result is therefore avoided in this case
given that Λ > 0, since density must be positive, thus
implying that k = 1 and that the universe must be
closed. This description was successful in describing a
static universe, however, the static universe model was
later ruled out by Hubble with his observations showing
distant stars were redshifted [12]. These results not
only showed that the universe was expanding, thus ȧ >
0, but the cosmological constant was shown to have a
value of roughly,

Λ ≈ H2
0 , (2.10)

where the naught subscript denotes the present value
of the Hubble parameter. Thus from Equation (2.9) we
can calculate the energy density of the vacuum giving,

ρv =
2H2

0

κ2
' 10−47GeV4. (2.11)

The requirement of a cosmological constant causes few
problems in cosmology alone, but with the introduction
of quantum field theory (QFT) in the 1940s it caused
a disagreement of many orders of magnitude.

QFT is a unifying theory that combines quantum
mechanics and special relativity. It uses fields to de-
scribe all of particle physics, particles being the man-
ifestation of an excitation in their respective field.
QFT predicts vacuum fluctuations that permeate all
of space, and this vacuum energy would contribute to-
ward the cosmological constant [5]. By summing over
the modes k of a field of mass m up to some cut-off
frequency kmax, the vacuum energy density of the field
is,

ρv =
1

4π2

∫ kmax

0

dkk2
√
k2 +m2 ' k4

max

16π2
. (2.12)

The cut-off frequency here is chosen as the maximum
frequency that the formula is expected to be valid. It is
often chosen to be the frequency which corresponds to
a wavelength equal to the plank length, or kmax = mpl,
as this is regarded as the point at which physics begins
to break down [6]. Even before we begin to calcu-
late the value of the energy density, we can see that
it is clearly going to be much greater than that found
through observation. The value of the vacuum energy
from QFT turns out to be of the order ρv = 1074GeV4

and therefore disagrees with the observed value from
cosmology by 10121. These orders of magnitude are al-
most unheard of in physics and the disagreement has
been dubbed the ’cosmological constant problem’.

Cosmology has had a turbulent relationship with the
cosmological constant ever since it was first introduced
by Einstein, being both abandoned and then later rein-
troduced several times. The history of this relation-
ship is described in great detail by Weinberg in Ref.
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[6]. However, less than a decade after Weinberg’s re-
view was published, observations of distant supernovae
would completely change the perception of the cosmo-
logical constant and make it once again relevant.

2.2. Evidence for Dark Energy

In 1998 two independent research groups made obser-
vations of type Ia supernovae showing that the universe
is not only expanding, it is doing so at an accelerating
rate [3, 4].

Type Ia supernovae occur when a white dwarf star
accretes enough mass go beyond its Chandrasekhar
limit and collapses. The Chandrasekhar limit is con-
stant for all white dwarfs and thus the absolute mag-
nitude of all type Ia supernovae is believed to be the
same. The uniform absolute magnitudes makes them
excellent standard candles and allow for precise calcu-
lation of their distance from earth, known as luminosity
distance [11]. Redshift is important in these observa-
tions because it is proportional to the scale factor a,

1 + z =
λ0

λ
=
a0

a
, (2.13)

where the redshift z is calculated using the ratio of an
expected wavelength λ0 to the observed wavelength λ
and a0 is the present scale factor. Rearranging Equa-
tion (2.3) into the form,

κ2ρ

3H2
− 1 =

k

a2H2
, (2.14)

allows us to define Ω, the density parameter,

Ω =
ρ

ρc
=

κ2ρ

3H2
. (2.15)

Here, we have defined the critical density ρc = 3H2/κ2

and since ρ is the sum of density contributions from
each fluid, likewise Ω is the sum of the density param-
eter contributions. We can see from these equations
since Ω is related to k, that the geometry of the uni-
verse is determined by the total density of the fluids
within it. Adjusting the density parameter of each fluid
in the universe then allows us to predict the distance
of the supernova given its redshift. Comparing the
luminosity distance to the predicted distances, both
research groups found that supernovae were approx-
imately 12.5% further than would be predicted by a
universe with no cosmological constant. Some of the
supernovae measurements from Ref. [3] can be seen in
Fig. 1. This data lead both research groups to the con-
clusion that in order to account for the extra distance
observed, the cosmological constant must be causing
the expansion of the universe to accelerate.

Since this discovery the energy associated with the
cosmological constant has been named ’Dark Energy’,

Figure 1: Data points represent observed values of red-
shift z as a function of a distance m−M for type Ia su-
pernovae. Lines represent theoretical cosmologies with
different density parameters for both dark energy ΩΛ

and matter Ωm. The lower panel shows the difference
from the Ωm = 0.20, ΩΛ = 0.00 model. From Ref. [3].

after its ability to evade detection whilst also making
reference (though unrelated) to dark matter - another
seemingly undetectable cosmic medium. Though dark
energy has not been detected directly, its influence on
the universe can be observed indirectly as we have just
seen with the redshift in supernovae. Other methods
such as analysis of galaxy clusters, cosmic microwave
background (CMB) anisotropies, baryon acoustic os-
cillations (BAO) and the ’age problem’ all lead to the
same conclusion - there exists some form of dark energy
driving acceleration of the universe.

These observations of an accelerating universe re-
move all doubt that the static universe model is incor-
rect. The acceleration of the universe appears directly
in our evolution equations, namely ä in Equation (2.8).
For acceleration we require that ä > 0 and thus we can
see that this is only provided by a cosmological con-
stant in this equation, or a fluid with negative pres-
sure. For this reason the cosmological constant is no
longer seen as a mechanism to stop the universe from
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collapse, but rather a necessity to provide a pressure
driving the acceleration. With a further need of a cos-
mological constant, its disagreement with QFT can no
longer be ignored. Many attempts to solve the cosmo-
logical constant problem have been made. Some of the
more notable theories, such as supersymmetery, offer
a modification to QFT and others, such as Sequester-
ing [13], offer a modification to gravity. Some, such as
Refs. [14, 15], are beginning to question the validity of
these results and that the universe may not be acceler-
ating at all. These studies have faced a large amount
of criticism, however. Ref. [15] in particular tries to
invalidate the use of type Ia supernovae as an accurate
standard candle using arguments based upon a poten-
tial luminosity evolution. It is worth noting that they
arrive at their conclusion based upon a sample of only
30 out of the thousands of possible supernovae mea-
surements to date and therefore could be subject to
selection bias.

2.3. Observed composition of the universe

Let us now take the opportunity to solve the Friedman
equations in light of modern surveys of cosmological
parameters. In this research we shall use the parame-
ters observed in the Planck 2018 results [8], which are
derived from analysis of CMB anisotropies, BAO and
type Ia supernovae. Some of the parameters with sig-
nificance to this research have been included directly
and are presented in Table. 1.

The Planck results provide us with an observation of
Ωk,0. This is the curvature parameter and is defined
such that,

Ωk,0 =
k

a2
0H

2
0

, (2.16)

from Equation (2.14). Thus we can see that our uni-
verse appears to be flat, with k = 0 in the Friedman
equation. This simplifies Equation (2.7) and Equation
(2.8), making them solvable analytically for our uni-
verse by assuming one fluid dominates over the others
in different epochs. To begin we must first consider the
properties of these fluids. We have made the simplify-
ing assumption based upon the cosmological principle
that we can model the contents of the universe as a
set of barotropic perfect fluids. These fluids are such
that the pressure is a function of density only. We will
define the equation of state for these fluids,

p = ωρ = (γ − 1)ρ, (2.17)

where γ (or ω) is the equation of state parameter and
defines the properties of the fluid. Since matter has p =
0 we can see that γm = 1. For radiation we find that
γr = 4/3. Substituting this definition into Equation
(2.5) along with the definition for H in terms of a we

have,
ρ̇

ρ
= −3γ

ȧ

a
. (2.18)

Which by integrating can be shown to have the solu-
tion,

ρ = ρ0a
−3γ , (2.19)

where ρ0 is the fluids present density. Using the prior
mentioned values of γ for matter and radiation we can
see the energy densities will take the form,

ρr = ρr,0a
−4, ρm = ρm,0a

−3, (2.20)

where ρr is the energy density of radiation and ρm
is the energy density of matter respectively. These
can be seen plotted alongside one and other in Fig.
2, where we have defined the number of e-foldings as
N = log (a). The values of ρm,0 and ρr,0 can be calcu-
lated using the observed values of the respective den-
sity parameters from the Planck results, alongside a
calculation of the critical density defined in Equation
(2.15) and thus H0, which is also observed by Planck
and included in Table. 1.

N

lo
g(
ρ
)

���	��	��
�����
��
������

Figure 2: A comparison of density contributions pre-
dicted by the Friedman equation as a function ofN , the
number of e-foldings. Axes have been left intentionally
blank as this figure is for illustrative purposes, high-
lighting how the universe can evolve from an initially
radiation dominated epoch, into matter domination,
then finally into a dark energy dominated epoch.

We can continue to solve for our universe by consid-
ering what happens when one fluid dominates the ma-
jority of the energy density of the universe. When this
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Parameter Value Description

ΩΛ,0 0.6847± 0.0073 Density of dark energy

Ωm,0 0.3153± 0.0073 Density of matter

Ωr,0 (9.213± 0.065)× 10−5 Density of radiation

Ωk,0 0.001± 0.002 Curvature of the universe.

H0 (67.36± 0.54)kms−1Mpc−1 The Hubble parameter.

Table 1: Key cosmological parameters, taken from the Planck 2018 results [8]. Naught subscripts are used to
represent values at the present. Ωr,0 is a derived parameter and was not measured directly by Planck.

is the case, such as for matter and radiation at early
times seen in Fig. 2, the contribution from the other
fluids in the Friedman equations becomes negligible.
This simplification compounded with the observation
that k = 0 allows us to substitute Equation (2.19) into
the Friedman equations and solve to find,

a(t) = a0

(
t

t0

) 2

3γ
, (2.21)

and thus

H =
2

3γ

t0
t
, (2.22)

where t0 is the present time. Again note that this solu-
tion only holds when a single fluid dominates over the
others.

A similar argument can be made for the cosmologi-
cal constant. We can see from equation Equation (2.19)
that for the cosmological constant to have a constant
energy density, it must have γΛ = 0. Using this value
in Equation (2.17), the equation of state, confirms that
dark energy will have a negative pressure and thus
cause accelerated expansion. The cosmological con-
stant is graphed alongside matter and radiation in Fig.
2, it demonstrates that at late times the cosmological
constant will dominate over the other fluids in the uni-
verse. During this epoch of dark energy domination we
can neglect the effects of the other fluids in the Fried-
mann equation and Equation (2.7) becomes,

H2 =

(
ȧ

a

)2

=
Λ

3
. (2.23)

This is a de-Sitter universe and has the solution,

a(t) = a0 exp

√
Λ

3
t = a0e

Ht. (2.24)

It is incredibly clear here that at late times, when the
cosmological constant dominates, we would expect to
see an exponential expansion of the universe. The
Planck results found ΩΛ,0 ≈ 0.7, seen in Table. 1,

indicating a clear domination of dark energy at the
present time and therefore an accelerating expansion is
expected, this is perfectly in tune with the observations
discussed previously made in Ref. [3]. This result also
comes as somewhat of a surprise, as it suggests that
since the universe is dominated by dark energy, almost
70% of the universe is comprised of this exotic energy
that has yet to be detected directly.

3. COSMOLOGICAL SCALAR
FIELDS

We have discussed the cosmological constant and how
it can give rise to the observed accelerated expansion
of the universe. We have also seen that there are
significant problems associated with the cosmological
constant, greatly motivating research into alternative
mechanisms to explain the said acceleration. In this
section we will take the idea of a fluid with negative
pressure and not disregard it as non-physical, as Ein-
stein did. Given the correct criteria are met, we will
see that a scalar field can readily act as a fluid with
these properties. This is also motivated by the famil-
iarity of scalar fields in the subject of cosmology as a
whole, being almost synonymous with inflation. Scalar
fields can be shown to provide a vacuum energy driving
the huge exponential expansion required by inflation,
as outlined by Guth [2]. In this research, however, we
will be considering the late time effects of a scalar field
to explain the present accelerating epoch, rather than
inflation. There are several models of scalar field dark
energy, many reviewed in Ref. [5], all providing a neg-
ative pressure in a subtly different way. Of particular
note to us will be quintessence.

3.1. Quintessence

In Ref. [16] Ratra and Peebles first propose an idea
that has come to be known as quintessence. The main
difference from the cosmological constant model, and is
true of other scalar field models, is that the energy den-
sity does not remain constant and evolves throughout

7



time. To begin we must first note that from Equation
(2.4) and the requirement of ä > 0,

ρ+ 3p < 0. (3.1)

Combining with Equation (2.17), we can tighten the
requirements of an acceleration inducing fluid to,

ω < −1/3, or γ < 2/3. (3.2)

This result is significant because it allows us to easily
examine whether a scalar field, or any barotropic fluid
in our model, is meeting the requirements for acceler-
ation at any particular moment. The distinction ’at
any particular moment’ was made here because unlike
matter and radiation, the equation of state parameter
of the scalar field will not be constant in time.

To see how this constrains a scalar field, we start
with the energy-momentum tensor for a scalar field φ
[9],

Tµν = −
(
gµνLφ + 2

∂Lφ
∂gµν

)
, (3.3)

where gµν is the metric tensor and Lφ is the Lagrangian
of the scalar field defined,

Lφ =
1

2
(∂µφ)(∂νφ)− V (φ), (3.4)

Which takes the form of a classical Lagrangian, namely
kinetic energy minus potential energy, V (φ) being some
function representing the potential. Equating this form
of the energy momentum tensor with that of a perfect
fluid, as seen in Equation (2.2), we can write down the
pressure and density of the scalar field in terms of the
energies,

ρφ =
1

2
φ̇2 + V (φ), (3.5)

pφ =
1

2
φ̇2 − V (φ), (3.6)

where dots represent time derivatives and again φ is
the value of the field itself. With these expressions we
can use Equation (3.1) to see what is required of a
scalar field to constitute an acceleration. Substituting
we find,

φ̇2 < V (φ). (3.7)

This can also be seen if we use Equation (2.17) to write
down the equation of state for a scalar field,

ω =
ρ

p
=
φ̇2 + 2V (φ)

φ̇2 − 2V (φ)
. (3.8)

The criteria in Equation (3.7) is almost at odds with
nature, as in most physical processes we see that the
potential is minimised. However, scalar fields are not
very efficient at doing so, especially if they do not cou-
ple to matter [17]. To further the analysis of these

scalar fields we can substitute the density and pressure
expressions into the Friedman equations. For a spa-
tially flat universe only containing a scalar field they
become (

ȧ

a

)2

=
κ2

3

(
1

2
φ̇2 + V (φ)

)
,

ä

a
= −κ

2

3

(
φ̇2 − V (φ)

)
. (3.9)

The final equation comes from making the same sub-
stitutions into the fluid equation, Equation (2.5),

φ̈+ 3Hφ̇+
dV (φ)

dφ
= 0. (3.10)

This equation is of particular note because it takes the
form of a Klein-Gordon equation. The equation is also
similar in form to a driven harmonic oscillator in φ,
allowing us to interpret 3H as a resistance, or ’Hubble
friction’, and dV (φ)/dφ as a driving force.

3.2. Forms of the potential

The depth of our analysis has so far been limited by the
potential function V (φ). Keeping this function general
has allowed us to find general results for all scalar fields,
such as Equation (3.7), but to go any further we must
use a specific form of the potential. Unfortunately, as
outlined in Ref. [11], there is no established fundamen-
tal theory of dark energy and so the potential is chosen
to suit the model arbitrarily. An example scalar field
potential known to exist would be the Higgs potential
[18],

V (φ) = λ(φ2 −M2)2, (3.11)

where both λ and M are free parameters. Free param-
eters are quite common in scalar fields, requiring differ-
ent properties of the field usually leads to constrains on
the values these free parameters can take. The largest
difference here is that the form of the potential for the
Higgs mechanism is guided by a fundamental theory,
which as stated we lack for dark energy. In the context
of dark energy we are free to choose any potential we
like, in the first instance, Ratra and Peebles chose a
potential of the form,

V (φ) = M4+nφ−n. (3.12)

where M is a free parameter and n is chosen for dif-
ferent models, n = 2 is common [16, 17]. It was noted
that these forms of potential had ’attractor’ solutions
and that fine tuning in the initial conditions of the sys-
tem was removed, as the system would tend towards an
attractor regardless of inital conditions. In Ref. [19]
this form of potential is analysed once again. They
also prefer the term ’tracking’ solutions rather than
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attractor solutions, a term which we shall also adopt
intermittently. This is to highlight that the tracking
solutions are slightly different to traditional attractor
solutions in autonomous systems, as they are not fixed
points. This is because the ratio of the fields energy to
the background decreases as it travels down its track
[19]. In this article they also show another potential
that more closely exhibits the ’self-adjusting’ tracker
behaviour is the simple exponential potential,

V (φ) = V0e
−λκφ, (3.13)

where V0 is a free parameter, and λ is used for adjusting
the steepness of the potential. This form of potential
will be the focus of this report motivated by Ref. [7].
Also due to its simplicity and tracking solutions, it also
has useful properties such as an exact solution to the
Friedmann equations.

3.3. Exact solution for exponential potentials

An interesting property of the exponential potential is
that it can be shown to have an exact solution to the
Friedmann equation [17]. Using an ansatz,

a(t) ∝ tp, (3.14)

which is common when solving the Friedmann equation
and,

φ(t) ∝ φ0 + α ln t. (3.15)

Then, by combining this with the Friedmann equations
for a scalar field and Equation (3.10) we find,

p =
2

λ2
, α =

2

λκ
. (3.16)

It is clear from Equation (3.14), for an accelerating
universe we require p > 1, and thus we can write that

λ2 < 2. (3.17)

This is a very important result. Not only does it reaf-
firm that scalar fields can be a source of the negative
pressure accelerating the universe, but it also shows
that an exponential potential can fit the criteria to do
so - provided the above constraint is met.

This does not always have to be the case, however.
Refs. [20, 21] introduce the idea of assisted inflation.
They show by having multiple scalar fields, each with
its own exponential potential, the fields will act coop-
eratively and their effects will compound. This means
that even if none of the individual fields meet the cri-
teria to cause inflation, the net effect of the multiple
fields would, thereby assisting each other.

4. EVOLUTION OF SCALAR FIELDS

Scalar fields provide a candidate for dark energy, and
by coupling them with an exponential potential we can
be very precise about the criteria required for them to
do so. Thus far we have only considered the behaviour
of a scalar field in isolation and neglected the effects
of the background fluids on the evolution. This can
be seen in Equation (3.9). We have substituted the
expression for the density of the scalar field into the
Friedman equation alone, whereas we have defined ρ
to be the sum of all density contributions in our uni-
verse, which therefore should include matter and radia-
tion. Including multiple fluids in the Friedmann equa-
tion mean that it no longer has an analytical solution.
We will first review the technique used in Ref. [7] and
write the Friedmann equation as a set of autonomous
differential equations, which we can solve numerically.
Since we are investigating the late time behaviours of
the system, we will also perform a fixed point analy-
sis to gain a more qualitative insight into the attractor
solutions and general behaviour of the system. Once
understood we can extend the work of Ref. [7] and
aim to produce results similar to Refs. [22, 23], more
conducive to our universe.

4.1. Equations of motion

Assuming the universe contains a scalar field with a
single background fluid, which we shall represent with
the equation of state parameter γ, then the contribu-
tions to the overall density of the universe become,

ρ = ρφ + ργ , (4.1)

where ργ is the density contribution of the background
fluid. Thus from the definition for the density of a
scalar field φ we can write this,

ρ =
1

2
φ̇2 + V (φ) + ργ . (4.2)

The Friedmann equation in flat space with a zero cos-
mological constant will therefore be,

H2 =
κ2

3

(
1

2
φ̇2 + V (φ) + ργ

)
. (4.3)

Ref. [7] show by making the definitions of two dimen-
sionless quantities x and y based up on this equation,

x ≡ κφ̇√
6H

, y ≡ κ
√
V√

3H
, (4.4)

then the Friedmann equation can be written in a sim-
plified form,

1 = x2 + y2 +
κ2ργ
3H2

. (4.5)
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One feature we may note straight away is that the den-
sity parameter of the scalar field in terms of x and y
is,

Ωφ = x2 + y2. (4.6)

Since there is a direct correspondence between this
value and the observed values of dark energy, ΩΛ, from
the Planck results, this will become particularly useful
when constraining the model to be in accordance with
observation.

To directly derive the equations of motion for this
system, one must differentiate both definitions of x and
y with respect to N , the number of e-foldings. This has
the useful property,

x′ =
dx

dN
=

1

H
ẋ, (4.7)

where ẋ is the derivative with respect to time t. Com-
bining this with the other two remaining Friedman
equations and utilising that the exponential potential
we have chosen for our model has,

dV (φ)

dφ
= −κλV (φ), (4.8)

the equations governing the evolution of x and y can
be written as an autonomous system of coupled differ-
ential equations,

x′ = −3x+ λ

√
3

2
y2 +

3

2
x
[
2x2 + γ(1− x2 − y2)

]
,

y′ = −λ
√

3

2
xy +

3

2
y
[
2x2 + γ(1− x2 − y2)

]
, (4.9)

where γ is the equation of state parameter of the back-
ground fluid and λ is the steepness of the potential.

In Ref. [7] they present fixed point analysis of the
system. That is to say, they find solutions for which
the equations satisfy x′ = y′ = 0. These solutions
are presented in Table. 2. It is worth observing that
since the equation governing the motion of y contains
a factor of y multiplying each term, the motion will
be symmetric in the y axis. Because of this, when
displaying fixed points and figures we will default to
using the positive y.

Analysis of fixed, or critical, points show that the
system evolves in several different ways depending on
the values of γ, λ and the initial conditions of x and
y. In each case, however, there is a late-time attractor
which the energy density of the scalar field will natu-
rally tend towards and remove any fine tuning in the
initial conditions. Fig. 3 and Fig. 4 highlight this be-
haviour by overlaying multiple simulations, each with
different initial conditions, and showing how they all
tend to the same fixed point.

While the analysis of fixed points allows us to see
their location in the phase plane, it does not allow us

���� ���� ��� ��� ���
x

���

���

���

y  

Figure 3: The phase plane for γ = 1 and λ = 1. The
fixed points are represented with a cross. The late time
attractor is Point (c) in Table. 2 and corresponds to the
scalar field dominated solution at x =

√
6/6, y =

√
30/6.
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Figure 4: The phase plane for γ = 1 and λ = 3. The
fixed points are represented with a cross. The late time
attractor is Point (d) in Table. 2 and corresponds to
the scaling solution at x = y =

√
6/6.

to analyse their stability and therefore if they will be a
late time attractor of the system. To do so the system
is perturbed around each fixed point and the behaviour
expressed in matrix form. The sign of the eigenvalues
will then determine whether the fixed point is stable,
the case when all eigenvalues are negative. It is com-
mon for the stability of the fixed points to depend on
both γ and λ, however for some of the trivial solutions
this is not the case. The eigenvalues for each fixed
point in this system are included in Table. 8. Three of
the fixed point solutions do not provide useful proper-
ties and correspond to unstable nodes or saddle points.
It is worth noting that Point (a), the background fluid
dominated solution, shows us that for any γ > 0, the
solution is unstable and the energy density of the scalar
field can never vanish with respect to the fluid. The
final two remaining points offer stable nodes with vary-
ing properties.

Point (c) is a stable node and late-time attractor for
λ2 < 3γ. If we note that for the scalar field we can
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Point x y Existence Stability Ωφ γφ

(a) 0 0
All
λ, γ

Saddle point for 0 < γ < 2 0 -

(b) ±1 0
All
λ, γ

Unstable node for λ2 < 6
Saddle point for λ2 > 6

1 2

(c)

√
6

6
λ

√
1− λ2

6
λ2 < 6

Stable node for λ2 < 3γ
Saddle point for 3γ < λ2 < 6

1
λ2

3

(d)

√
6

2λ
γ

√
6

2λ

√
(2− γ)γ λ2 > 3γ

Stable node for 3γ < λ2 <
24γ2

9γ − 2

Stable Spiral for
24γ2

9γ − 2
< λ2

3γ

λ2 γ

Table 2: Properties of the critical points for a scalar field with a single exponential potential in the presence of
one background fluid, γ. From Ref. [7]. The eigenvalues used to derive the stability can be seen in Table. 8.

express the equation of state,

γφ =
ρφ + pφ
ρφ

=
2φ̇2

φ̇2 + 2V (φ)
=

2x2

x2 + y2
, (4.10)

then we can readily show,

γφ =
λ2

3
(4.11)

for Point (c). Thus from Equation (3.2) the point cor-
responds to accelerating expansion for λ2 < 2. This is
the result we saw in Equation (3.17) when there was
no background fluid present. This is consistent since
at this fixed point there is essentially no background
fluid present either, as Ωφ = 1 and so it corresponds to
scalar field domination.

Point (d) is a stable node and late-time attractor
for λ2 > 3γ. This node cannot be responsible for ac-
celerated expansion, however it does have interesting
properties. This node corresponds to a universe where
the background fluid and scalar field both contribute
to the evolution of the expansion and neither domi-
nates. This is called a scaling solution and is where
the energy density of the field is proportional to the
fluid. This would allow for the universe to evolve as
if it was dominated by matter or radiation as the field
will mimic them in the background. This can be seen
more directly by noting that the equation of state pa-
rameter for the scalar field becomes equal to that of
the background fluid, γφ = γ.

While this analysis provides a stable solution that
corresponds to a late-time acceleration, it contains a
significant problem. Dark energy has not always dom-
inated, moreover, there are tight constraints on the
energy density of dark energy at the time of nucle-
osynthesis. In the radiation dominated era, there is

a requirement based upon standard model degrees of
freedom,

Ωφ < 0.2. (4.12)

The attractor at Point (c) cannot satisfy this, as it has
Ωφ = 1. However, the scaling solution has an energy
density of Ωφ = 3γ/λ2. Combining this with the above
constraint and noting that γ = 4/3 for radiation we
require,

λ2 > 20. (4.13)

This is a perfectly acceptable requirement in the scaling
regime, but it means we cannot have an accelerated
expansion if we would like our scalar field to obey this
constraint. While it would be possible to start our
system at a position in phase space that would initially
satisfy this constraint, then letting the system evolve
into the accelerating solution, we would be introducing
fine tuning of these values by doing so and this should
therefore be avoided where possible.

4.2. Introducing a second background fluid

To bring our model into further alignment with the uni-
verse, it would make sense for it to contain two back-
ground fluids alongside the scalar field. Although the
contributions could be broken down further, such as
making a distinction between dark matter and bary-
onic matter, results such as those from Planck, Table.
1, suggest that the contents of the universe is generally
contained within matter, radiation and dark energy.
Introducing a second background fluid into the sys-
tem would bring the model into closer alignment with
this. To differentiate between these fluids we shall use
a subscript on the equation of state parameter, γ1 and
γ2 referring to the first and second fluid respectively.
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With the inclusion of these fluids the total density of
the universe is,

ρ =
1

2
φ̇2 + V (φ) + ργ1 + ργ2 , (4.14)

where now ργ1 is density of the first and ργ2 is the
density of the second fluid. To derive the evolution
equations for this system, similar definitions must be
made to those in the single fluid case, Equation (4.4).
This time however we will define a third parameter z
that will govern the evolution of the additional fluid.
The definitions are,

x ≡ κφ̇√
6H

, y ≡ κ
√
V√

3H
, z ≡

κ
√
ργ2√

3H
, (4.15)

all of which follow from substituting the total density
into the Friedmann equation, which allows us to now
write,

1 = x2 + y2 + z2 +
κ2ργ1
3H2

. (4.16)

It is from this equation we can follow the same proce-
dure as before, differentiating each of the parameters
and leveraging properties of the exponential potential.
We find the evolution equations for a system with two
fluids and a scalar field to be,

x′ =− 3x+ λ

√
3

2
y2 +

3

2
Fx

y′ =− λ
√

3

2
xy +

3

2
Fy

z′ =− 3

2
γ2z +

3

2
Fz (4.17)

where for compactness we have defined,

F ≡ 2x2 + γ2z
2 + γ1(1− x2 − y2 − z2). (4.18)

We can note here that like the equation for y, the equa-
tion for z contains a factor of z in each term. This im-
plies that the behaviour of z will be symmetric around
the z axis and we shall therefore only display positive
z in figures and fixed points, as we already do with y.

In the same manner as in the previous section, we
can conduct fixed point analysis of the system by set-
ting x′ = y′ = z′ = 0. The results of these calculations
have been included in Table. 3 for the case where the
fluids are matter and radiation, however they are also
included for the case with general fluids γ1 and γ2 in
Table. 5. The results of the fixed point analysis for this
system bare a strong resemblance to the system with
only a single background fluid. This is because many
of the fixed points are for the case where z = 0, causing
the evolution equations to collapse down to the single
fluid equations at this point. This is a good indication

that the mathematics is correct, however it also indi-
cates that the problems highlighted at the end of the
last section still exist.

Points (a) and (c) existed in the previous system,
being two of the more trivial solutions where the back-
ground fluid or kinetic energy completely dominates.
Point (b) is a solution not present in the previous sys-
tem, this is because it corresponds to the domination
of the second fluid, otherwise sharing the same prop-
erties as Point (a). Similarly, Point (f) is new to this
system and shares the same properties as Point (e),
which was the scaling solution in the previous system.
Point (f) again has the subtle difference that the field
will scale with the new second background fluid, mean-
ing it is possible for the field to scale with either fluid
depending on the value of λ.

While the other points in this system were also found
in the single fluid case, their properties do not neces-
sarily remain unchanged. Point (d) in Table. 3 appears
to have the same stability criteria as the corresponding
point in the single fluid case, Table. 2. However, upon
closer inspection of the general solutions mentioned in
Table. 5, we can see this is only because matter has
an equation of state parameter that is less than that of
radiation. Had we introduced a fluid with an equation
of state parameter less than for matter, the stability
criteria would have changed. This will become more
significant when discussing domain walls.

���� ���� ��� ��� ���
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Figure 5: The phase plane for γ1 = 1, γ2 = 4/3 and
λ = 3. The fixed points are represented with a cross.
The late time attractor is Point (e) in Table. 3 and cor-
responds to the scaling solution at x = y =

√
6/6, z = 0.

The dashed curve represents a simulation where the ini-
tial conditions were fine tuned so that it would interact
with the saddle point, Point (f) in Table. 3. Note that
this figure is only displaying the 2d projection of the
xy plane of what is a 3d system.

Since both new Points (b) and (f) are unstable, the
evolution of the phase plane remains very similar to the
behaviour seen in the single fluid case. Fig. 5 demon-
strates this similarity by overlaying simulations with
the same initial conditions of that in Fig. 4, and we
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Point x y z Existence Stability Ωφ γφ

(a) 0 0 0 All λ Saddle point 0 -

(b) 0 0 1 All λ Saddle point 0 -

(c) ±1 0 0 All λ
Unstable node for λ2 < 6
Saddle point for λ2 > 6

1 2

(d)

√
6

6
λ

√
1− λ2

6
0 λ2 < 6

Stable node for λ2 < 3
Saddle point for 3 < λ2 < 6

1
λ2

3

(e)

√
6

2λ

√
6

2λ
0 λ2 > 3

Stable node for 3 < λ2 < 24/7
Stable Spiral for 24/7 < λ2

3

λ2 1

(f)
2
√

6

3λ

2
√

3

3λ

√
1− 4

λ2 λ2 > 4 Saddle point
4

λ2

4

3

Table 3: Properties of the critical points for a scalar field with a single exponential potential in the presence of
two background fluids, matter (γ1 = 1) and radiation (γ2 = 4/3). The eigenvalues used to derive the stability
can be seen in Table. 10.

can see they trace almost identical paths ending at the
same late time attractor. This figure also demonstrates
how by fine tuning the initial conditions we can force
the path to interact with the saddle point caused by the
second fluid. In general, though, while the introduc-
tion of a second fluid has increased the accuracy of the
model, it has not provided any solutions to the prob-
lems highlighted in the previous section and we still
cannot have our system in the scaling solution at early
times and then transfer to the accelerating solution at
late times without fine tuning of initial conditions.

4.3. Deriving conditions for acceleration

When analysing the evolution of our system, we have
been speaking about the late time behaviour and when
the system is at a fixed point, this is important when
trying to understand if the system will cause an accel-
eration in the universe. For instance, we know that the
scalar field will cause an accelerating expansion when
it is at Point(d) in the presence of two background flu-
ids, however, the acceleration is not exclusive to this
point and may begin when the system is in the area
around this point before the point is reached. We can-
not tell if this is the case by analysing the fixed points
and we cannot see this from the equations of motion as
they have no analytical solutions. We shall now manip-
ulate the equations governing our model to find con-
ditions that describe when the acceleration has begun
and later compare them to the known criteria already
derived, Equation (3.2) for example.

Let us first differentiate the definition of the Hubble

parameter with respect to time,

Ḣ =
ä

a
−H2, (4.19)

by dividing the equation through by H and utilising
the relationship between t and N in Equation (4.7) we
find,

H ′ +H =
ä

ȧ
, (4.20)

where dots are time derivatives and primes are deriva-
tives with respect to N . This can become a criteria for
acceleration by noting that for ä > 0,

H ′ +H > 0, (4.21)

or alternatively,
H ′

H
> −1. (4.22)

This becomes useful when coupled with an expression
for H in terms of the parameters of scalar fields. We
can use the definition of y to write the Hubble param-
eter,

H =
κ
√
V√

3y
, (4.23)

and then include the full definition of the exponential
potential,

H =
κ
√
V0√

3y
exp

[
κλφ

2

]
, (4.24)

which we can then differentiate to yield a differential
equation in H,

H ′ = −1

2
κλφ′H. (4.25)
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We can eliminate the φ′ term in this equation using the
definition of x and finally,

H ′

H
= −
√

6

2
λx. (4.26)

It would appear that we could now simply plot this
function and by comparing it with Equation (4.22) be
able to tell the exact moment the system produced an
acceleration. Unfortunately, however, when calculat-
ing Equation (4.25) we made the implicit assumption
that y was constant, making it only valid yet again at
late times once the system has already reached a fixed
point. We could still combine it with the criteria in
Equation (4.22) for,

x <

√
6

3λ
, (4.27)

where indeed we see that the only fixed point capable
of providing an acceleration is Point (d), as expected.
While this does not solve the initial goal, it does con-
firm that this technique is suitable and worth perusing.

A second approach is to alternatively start with the
definition of x and use it to express φ′,

φ′ =
1

H
φ̇ =

√
6

κ
x. (4.28)

By integrating this we have an expression for φ, which
we can substitute into Equation (4.24). From H it is
then trivial to then calculate H′/H. Doing this ana-
lytically will yield the same result as found previously,
however doing this numerically does not require the as-
sumption of constant x or y and we can therefore see
exactly when the acceleration begins. Fig. 6 shows an
example simulation of this, where we can see as the
system approaches the a late time attractor, the value
of H′/H crosses the boundary of Equation (4.22) and
therefore causes an acceleration, but more importantly
we can now see it does this before reaching the fixed
point exactly.

A second method to achieve this is to calculate the
value of γφ at each point in time using Equation (4.10),
again numerically, and compared with the criteria for
acceleration given in Equation (3.2). This method,
however, breaks down when x and y approach zero si-
multaneously. Fig. 7 successfully performs this method
using the same simulation as Fig. 6 and can therefore
be cross-referenced to see that they both predict accel-
eration to occur at the same time.

� � � � � � �
N
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H ′
H

   

Figure 6: H′/H as a function of time N for a system
with γ1 = 1, γ2 = 4/3 and λ = 1, starting with initial
conditions x = −1, y = 0, z = 0. We would expect this
system to have a late time acceleration and that is pre-
dicted, however note that we can see the acceleration
begins before the system reaches the fix point exactly.
Acceleration conditions are first met at N ≈ 2.78. The
small oscillations in the curve can be attributed to the
spiral nature of the fixed points and thus the x position
has small periodic changes as the field orbits the point
in phase space.

4.4. A modified potential

To accurately model the evolution of our universe we
require that the scalar field begins in a scaling solution,
where it tracks the background fluid and neither fully
dominates. Then, makes a transition from the scaling
solution into the scalar field dominated solution where
it will cause the observed late time acceleration of the
universe. By extending the scalar field model to ac-
commodate two background fluids we further aligned
it with our universe, however it did not provide the
trigger we needed to make a transition between the two
points. A natural step would be to have λ vary with
time, starting at a value that has the scaling solution
as the attractor, and ending at a value when the scalar
field solution takes its place, this has been postulated
in for example Refs. [23, 24]. The problem with this
method is that it introduces a second arbitrary func-
tion controlling the dynamics of λ, we already have an
arbitrary function we cannot derive from fundamen-
tal physics in the form of V (φ) and by introducing a
second would increase the number of degrees of free-
dom that would need to be somehow constrained. We
shall instead take the path of modifying the potential
function to be a sum of exponentials. We shall define
it,

V (φ) = V1(φ) + V2(φ) = V1,0e
−κλ1φ + V2,0e

−κλ2φ,
(4.29)

where V1,0 and V2,0 are free parameters, and λ1 and λ2

are the slope of each potential. The modification of this

14



� � � � � � �
N

�

�

�

γφ����

Figure 7: γφ as a function of time N for a system
with γ1 = 1, γ2 = 4/3 and λ = 1, starting with initial
conditions x = −1, y = 0, z = 0. This methods suc-
cessfully predicted acceleration, however this is because
the system never approached x = y = 0. Acceleration
conditions are first met at N ≈ 2.78.

potential causes problems for our current equations of
motion, as when deriving them we used the property
in Equation (4.8), which no longer holds for this modi-
fied V (φ). We can however use that this property still
holds for the individual exponentials V1(φ) and V2(φ),
and redefine our term y in the equations of motion as
two separate variables y1 and y2. The definitions will
therefore be,

x ≡ κφ̇√
6H

, y1 ≡
κ
√
V1√

3H
,

z ≡
κ
√
ργ2√

3H
, y2 ≡

κ
√
V2√

3H
, (4.30)

As before, we can then write the Friedman equation in
the form,

1 = x2 + y2
1 + y2

2 + z2 +
κ2ργ1
3H2

. (4.31)

By following the same steps taken to derive the equa-
tions of motion in the previous cases, we find the evolu-
tion equations for the system with a modified potential
to be,

x′ =− 3x+ (λ1y
2
1 + λ2y

2
2)

√
3

2
+

3

2
Gx

y′1 =− λ1

√
3

2
xy1 +

3

2
Gy1

y′2 =− λ2

√
3

2
xy2 +

3

2
Gy2

z′ =− 3

2
γ2z +

3

2
Gz (4.32)

where again for compactness we have defined,

G ≡ 2x2 + γ2z
2 + γ1(1− x2 − y2

1 − y2
2 − z2). (4.33)

As before we can see that y1, y2 and z will be symmetric
around their respective axes and we shall therefore only
display the positive values for each.

Calculating the fixed points of this system requires
we set x = y1 = y2 = z = 0, the derivation for which
follows much the same structure as the previous case.
Every fixed point that had a y value in the previous
system now appears twice, once with y2 = 0 and all
references to a λ being a λ1, and again with y1 = 0
and all references to a λ being replaced with a λ2. The
fixed points for a system with γ1 = 1 and γ2 = 4/3
for matter and radiation have been included in Table.
4, where this symmetry can be seen first hand. The
fixed points for the general case can also be seen in
Table. 6. Finding the stability for this system is much
more involved, however, since to find the eigenvalues
a quartic equation must be solved. The eigenvalues
of both the general case and the case for matter and
radiation can be seen in Table. 11 and Table. 12.

An exception to this is the new solution, Point (j).
This point only exists for λ1λ2 < 0 which means they
must have opposing signs. While this case does not
produce the effect we are trying to achieve, it does
produce interesting dynamics. A simulation for this
case can be seen in Fig. 8. The motion in this regime
is a result of the potential having a minima at a finite
value and the system oscillating around this minima.
This point has γφ = 0 and will therefore act like a
cosmological constant, however the earlier oscillations
are not observed in redshifts nor as an artifact in the
CMB [8] and this case can be discounted.
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Figure 8: The phase plane for γ1 = 1, γ2 = 4/3 and
λ1 = −λ2 = 3. The fixed points are represented with a
cross. Since there is no definition for y in this system,
the axis displays y =

√
y2

1 + y2
2 . This demonstrates the

harmonic oscillation around the minima of the poten-
tial. While it is still possible for the system to interact
with fixed points other than Point (j), unless they be-
come very close it Point (j) is the late time attractor
for many paths. The z axis is not represented in this
figure.

The most significant improvement of this model is
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Point x y1 y2 z Existence Stability Ωφ γφ

(a) 0 0 0 0
All

λ1, λ2
Saddle point 0 -

(b) 0 0 0 1
All

λ1, λ2
Saddle point 0 -

(c) ±1 0 0 0
All

λ1, λ2

Unstable node for
λ2

1 < 6 and λ2
2 < 6

Saddle point for
λ2

1 > 6 and λ2
2 > 6

1 2

(d)

√
6

6
λ1

√
1− λ2

1

6
0 0 λ2

1 < 6
Stable node for λ2

1 < 3
Saddle point for 3 < λ2

1 < 6
Saddle point for λ1 > λ2

1
λ2

1

3

(e)

√
6

6
λ2 0

√
1− λ2

2

6
0 λ2

2 < 6
Stable node for λ2

2 < 3
Saddle point for 3 < λ2

2 < 6
Saddle point for λ2 > λ1

1
λ2

2

3

(f)

√
6

2λ1

√
6

2λ1
0 0 λ2

1 > 3
Stable node for 3 < λ2

1 < 24/7
Stable Spiral for 24/7 < λ2

1

Saddle point for λ1 > λ2

3

λ2
1

1

(g)

√
6

2λ2
0

√
6

2λ2
0 λ2

2 > 3
Stable node for 3 < λ2

2 < 24/7
Stable Spiral for 24/7 < λ2

2

Saddle point for λ2 > λ1

3

λ2
2

1

(h)
2
√

6

3λ1

2
√

3

3λ1
0

√
1− 4

λ2
1

λ2
1 > 4 Saddle point

4

λ2
1

4

3

(i)
2
√

6

3λ2
0

2
√

3

3λ2

√
1− 4

λ2
2

λ2
2 > 4 Saddle point

4

λ2
2

4

3

(j) 0

√
λ2

λ2 − λ1

√
λ1

λ1 − λ2
0 λ1λ2 < 0

Stable node for − 3/4 < λ1λ2 < 0
Stable Spiral for λ1λ2 < − 3/4

1 0

Table 4: Properties of the critical points for a scalar field with two exponential potentials in the presence of two
background fluids, matter (γ1 = 1) and radiation (γ2 = 4/3). The eigenvalues used to derive the stability can
be seen in Table. 12.
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that it now has the ability to have both scaling and
accelerating solutions present at the same time. Previ-
ously in the models with a single exponential potential,
the system would have a scaling solution when λ was
in one region, and the accelerating solution when λ was
in a separate non-overlapping region. We can now see
from Table. 4 there are two scaling solutions and two
accelerating solutions, each of which has an existence
only depending on either λ1 or λ2 exclusively. Setting
λ1 to be in the accelerating regime and λ2 to be in the
scaling regime we will have both points in existence
at the same time, making it possible for the system
to visit both. This is how the modified potential will
facilitate a transition between regimes.

The reason this transition takes place can be seen
by analysing the magnitude of the eigenvalues in Table.
12. By calculating these we cannot say definitively that
a point is stable, only unstable. we can however say
that a point will be resistant to small perturbations.
We can define a timescale,

Ns = µ−1, (4.34)

where µ is an eigenvalue and Ns is how long the field
is likely to be stable around a fixed point. By sub-
stituting eigenvalues into this, it would be possible to
to show that the timescale for stability is shorter than
the length of the simulation for the scaling solutions.
This will cause them to leave the scaling solution and
transition over to the accelerating solution.

Having both of these fixed points in existence means
at early times we could have the system spiraling into
the scaling solution and tracking a background fluid,
then at later times be picked up by the accelerating
solution and cause the observed late time effects. Fig.
9 and Fig. 10 show results from a simulation confirm-
ing this behaviour is possible. The field initially tracks
the background fluid, matter in this case, which is con-
firmed by Fig. 9, since the fields equations of state
parameter matches that of matter. Then the field un-
dergoes a transition into an accelerating regime as γφ
decreases until it crosses the threshold for acceleration.
This is separately confirmed by Fig. 10. Using Equa-
tion (4.26) we can calculate that when the system is
in the scaling regime H′/H = −3/2, the value at which
the field stayed constant around for a prolonged period
before transitioning.

From this we can confirm that using two exponen-
tial potentials we can successfully provide a mechanism
causing transition from the scaling regime into an ac-
celerating regime at late times.

� � � � � �� ��
N

	���

	���

	���

H ′
H
���

Figure 9: H′/H as a function of time N for a system
with γ1 = 1, γ2 = 4/3 and λ1 = 1, λ2 = 4. The
dashed line represents the minimum point at which ac-
celeration can occur. We can see there is a long pe-
riod where the curve is constant around H′/H = −3/2.
From Equation (4.26) this corresponds to the scaling
solution. The system then transitions from the scaling
solution into an accelerating regime, hence crossing the
boundary.

5. COSMOLOGICAL
CONSEQUENCES

5.1. Constraining the Model

We have confirmed that the scalar field model coupled
with two exponential potentials is capable of making
a transition from a scaling regime into an accelerat-
ing regime, however, it does not currently reflect the
properties we observe in our universe today, nor what
we would expect in the past. To do this we can use
real world observations to constrain some of the free
parameters in our model.

We can first place constraints on the slopes of the po-
tentials. For λ1 to correspond to the accelerating solu-
tion we know from previous analysis such as Equation
(3.17) that λ2

1 < 2. This will allow for the existence of
Point (d) and also means that the scaling solution Point
(f) cannot exist. The constraint on λ2 comes from the
scaling solution Point (g) requiring λ2

2 > 3, however we
should also require that Point (e) does not exist as the
saddle point could interfere with the dynamics, thus
we can require instead λ2

2 > 6. A second constraint
comes from the density parameter of the field at early
times. We know dark energy has become dominant,
but in the early universe made up a very small per-
centage, in the Planck 2018 results the CMB suggests
that Ωφ < 0.1 [8]. If we require that while tracking the
background the density parameter is Ωφ < 0.1, then
from Point (g) we can see that λ2

2 > 30, making the
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Figure 10: γφ as a function of time N for a system with
γ1 = 1, γ2 = 4/3 and λ1 = 1, λ2 = 4. The dashed line
represents the equation of state parameter for a fluid
which produces an acceleration, the dotted like is the
equation of state parameter for matter.

overall constraints,

λ2
1 < 2,

λ2
2 > 30. (5.1)

Based upon these constraints, in simulations we shall
use λ1 = 1 and λ2 = 7 here forward.

At many points in this report it has been commented
that fine tuning in the initial conditions of the system
should be avoided and thus far we have managed to
produce the generic behaviour of the universe while
doing so. We could also place the constraint that
z ≈ 1 initially, as we know radiation dominated at
early times, however to go any further than this would
require some fine tuning of the initial conditions. If we
relax this avoidance of fine tuning and start the system
in a region close to the radiation scaling solution, Point
(i), then the system will start in the radiation domi-
nated era, transition to matter domination and then
later scalar field domination. This behaviour can be
seen in Fig. 11 where the density parameter of each
fluid has been plotted as a function of the number of
e-foldings N . While this figure has all the features of
the evolution of the universe, the timing is incorrect.
The first modification we can make is to translate the
graph such that the density parameter of the scalar
field and thus dark energy is inline with that observed
in Table. 1 from Ref. [8]. We shall set this point to
have N = 0. The density parameter of the other two
fluids in the simulation at this time are Ωm = 0.29 and
Ωr = 3.7× 10−5 which also coincide with the observed
values in Table. 1. Another modification can be made
by noting that the relationship between N and redshift
z is,

z = e−N − 1, (5.2)

and that the redshift of matter-radiation equality is

zeq ≈ 3000 [11]. we can further fine tune the initial
conditions until this occurs at the correct time, the
result of which is seen in Fig. 12.

0 5 10 15 20
N
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0.6
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Ω  Ωφ��
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Ωm

Figure 11: Density parameters as a function of time
N for a system with γ1 = 1, γ2 = 4/3 and λ1 = 1,
λ2 = 7, starting with initial conditions in the region
of the radiation scaling solution. We can see the indi-
vidual contributions to the overall density of the uni-
verse. First radiation dominates (dotted), then matter
(dashed), and finally the scalar field (solid).
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Figure 12: Density parameters as a function of time N
for a system with γ1 = 1, γ2 = 4/3 and λ1 = 1, λ2 =
7, the initial conditions have been tuned as to match
the time of matter-radiation equality to observation.
Note that time has been shifted so that the density
parameters at present N = 0 also match observation,
where we find Ωφ = 0.70, Ωm = 0.29 and Ωr = 3.7 ×
10−5. First radiation dominates (dotted), then matter
(dashed), and finally the scalar field (solid).

With the corrected timing we can test the predictive
capabilities of this model by taking a measurement of
when acceleration is expected to begin. The value for
the redshift at which the universe first started to accel-
erate is expected to be roughly za = 0.6± 0.1 [25]. To
probe the time the simulations expect acceleration we
can use the method we derived in the previous chapter,
seen in Fig. 13. The value of H′/H crosses the thresh-
old for acceleration at za = 0.61± 0.22 which is within
the margin of error for the observed value. Fig. 13
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also allows us to further appreciate the mechanism by
which the scalar field model is producing the dynamics
seen in these simulations. The dotted and dashed lines
are calculated using Equation (4.26) and substituting
the x position of the fixed points for both scaling solu-
tions. The field can be clearly seen to spend time close
to each of these fixed points before acceleration begins.
The small oscillations in the curve can be attributed to
the spiral nature of the fixed points and thus the x po-
sition has small periodic changes as the field orbits the
point in phase space, this can be seen again in Fig. 6.
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Figure 13: H′/H as a function of time N for a system
with γ1 = 1, γ2 = 4/3 and λ1 = 1, λ2 = 7, the ini-
tial conditions have been tuned as to match the time
of matter-radiation equality to observation. Note that
time has been shifted so that at present N = 0. Ac-
celeration conditions are first met at za = 0.61± 0.22.
The small oscillations in the curve can be attributed
to the spiral nature of the fixed points and thus the x
position has small periodic changes as the field orbits
the point in phase space. The fixed points for radiation
and matter scaling are dotted and dashed respectively
and the threshold for acceleration is a dashed line as
H′/H = −1.

We may also constrain the free parameters V1,0 and
V2,0 in the potential. From the definition of the density
parameter and definition of scalar field density we can
write,

Ωφρc = ρφ =
1

2
φ̇2 + V (φ), (5.3)

where Ωφ is the density parameter of the scalar field
and can be interpreted as dark energy in Table. 1. Us-
ing that the potential dominates over the kinetic energy
of the field in the density equation allows us to write
an expression for the potential by ignoring the kinetic
term. In simulations, the values of the potential do not
effect the dynamics and so were set to unity, this means
that the ratio of these two values will give us the value
of a free parameter depending on which exponential

currently dominates the overall potential,

V0 =
Ωφ
Vs(φ)

ρc, (5.4)

where V0 is the free parameter of the dominating ex-
ponential in the potential and Vs(φ) is the potential in
the simulation while it is dominating over the kinetic
energy. At the present time we know the V1,0 term
dominates the potential and also the density parame-
ter of the field today and thus,

V1,0 ≈
1

20
ρc ≈ 10−31, (5.5)

where we have used approximate values for the value of
the potential and density parameter to gain an order of
magnitude estimate. To constrain the second free pa-
rameter V2,0 we can make the same calculation at an
earlier time, for instant dark energy-matter equality
has ωφ = Ωm ≈ 0.5, where the density parameter has
another known value. The critical density of the uni-
verse changes with time and so the appropriate value
must be used. From Ref. [1] we know at dark energy-
matter equalityHeq = 0.75H0 and therefore at equality
the critical density is 0.752ρc. Using these values then
can calculate the value of V2,0 based upon the value of
the potential in the simulation which we find to be,

V2,0 ≈
0.752

20
ρc ≈ 10−31. (5.6)

Approximate values have been used here as only the
order of magnitude is important to illustrate the prob-
lem with this model. Since these numbers for the po-
tential are small and the initial conditions needed for
the model to have the correct behaviour also required
precision, the scalar field model in general has a very
high degree of fine tuning. It would be preferable in
this model if the potential from the simulation had a
value of the order ρc naturally, rather than the free
parameters having to be tuned to do so. This is not
uncommon in dark energy models as even the cosmo-
logical constant has severe issues with fine tuning, as
outlined in the discussion of the cosmological constant
problem. Unfortunately, however we can now see that
the scalar field model of dark energy also suffers similar
problems and does not provide a solution.

A final remark on the value of the potential would
be to comment on its correspondence to a particle. In
QFT particles are excitation in a field, thus the scalar
field we have be studying should correspond to a parti-
cle. It can be shown that the potential energy and the
mass of the particle are closely linked,

V ′′(φ) ∝ m2
φ, (5.7)

where mφ is the mass of the particle. This is a low
mass for a particle, and is well within the energy scales
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that large detectors are able to probe, and nothing has
been detected [5]. Therefore we can conclude that it
is unlikely that this scalar field specifically exists in
nature.

5.2. The Hubble tension

To quote Weinberg on the cosmological constant prob-
lem [6], ”Physics thrives on crisis.”. This seems to
be quite evident throughout history and also presently
in cosmology. The Hubble tension refers to a dis-
agreement between two highly precise measurements
of the Hubble parameter, both using entirely different
sources of data [26]. By calculating the Hubble pa-
rameter using a type Ia supernovae technique, the ob-
served value for many of these surveys averages roughly
h = 0.73, where H0 = 100hkms−1Mpc−1. Techniques
that use observations of the early universe by imaging
the CMB, Planck for instance [8], observe a lower value
of h = 0.67. Initially, when both techniques were less
precise, this was not a problem as the errors in the mea-
surements overlapped, however as the techniques have
matured the errors have decreased and the disagree-
ment is now significant. We have spoken about propo-
nents to using type Ia supernovae as standard candles
before [14, 15], but it is important to note this is not an
issue with the experimental technique, as many other
standard candles also make the same prediction that
do not suffer the issues of luminosity evolution as sug-
gested.

Recently, there has been research into an area known
as early dark energy (EDE). This field studies the be-
haviour of dark energy and how it evolved at early
times, and could possibly provide a resolution of the
Hubble tension. Ref. [27] suggests that short a period
of dark energy at a redshift of z = 2000 could alter the
expansion of the universe enough to account for the
disagreement in h, after which the the universe would
settle back into the regular dynamics we expect. The
significance of this is that EDE uses scalar field, like we
have been discussing, to model dark energy. The work
in Ref. [27] uses a potential V (φ) that causes a period
of anti de Sitter space in the early universe before re-
combination that would have effects on the CMB. It is
possible to show that using this technique can increase
the value of h calculated from observations of the CMB
to h = 0.72 which would again be inline with what is
observed by the alternative techniques, thus resolving
the tension.

In our model this would have the effect of a small
bump in the density of dark energy that would rapidly
fall off around the time of matter-radiation equality. If
these dynamics are possible in the system presented in
the previous chapters, either by modifying the poten-
tial or otherwise, then easing the Hubble tension could

be a direct application.

6. DOMAIN WALLS

6.1. Properties of domain walls

Domain walls are a topological defect that occurs when
a symmetry is broken. They appear in many areas of
physics, most commonly in magnetism, however they
are theorised to also appear on a cosmological scale
when phase transitions take place in the early universe
[28]. Consider a field in the early universe with a po-
tential that has a ’U’ shape. The field would evolve by
oscillating around the minima of the potential and, de-
pending on how the field couples to say matter or due
to redshift, it would eventually lose energy and the
oscillation would become damped. Now consider the
behaviour of the system if a phase transition occurred
throughout the universe which caused the potential to
transition into a ’W’ shape. The potential would then
fall down into one of the two minima depending on
where it was before the phase transition, of course we
can ignore the unstable position at the center turn-
ing point of the potential. Since information can only
travel at the speed of light, when these phase transi-
tions occur it is possible that in two sufficiently distant
regions of the universe, the field is at a different point
in the potential and would therefore fall into a differ-
ent minima than an other region. To travel across the
boundary between two regions would require passing
through the large wall at the center of the potential, it
is this potential wall separating regions of space that is
referred too as the domain wall. The process described
here is the Kibble mechanism for the formation of do-
main walls [29]. If this was to happen throughout the
entire universe, it would form a large network of walls.

If we apply the same technique we used when
analysing scalar fields and model the domain walls as
a fluid, then the Friedman equations will apply and
govern the effects they have on the expansion of the
universe. However in this case we do not yet know the
equation of state parameter of a domain wall fluid. It
can be shown that the surface area of a single domain
wall scales as Ad ∝ a2 where a is the scale factor of ex-
pansion [30], which would imply that the density will
scale at the rate,

ρdw ∝
A

a3
∝ a−1. (6.1)

where ρd is the density of the domain walls. Using
equation Equation (2.19) we may write,

ρd = ρd,0a
−1 = ρd,0a

−3γd , (6.2)

where γd is the equation of state for the domain wall
fluid and ρd,0 is the density of the domain walls to-
day. This equation implies γd = 1/3. This value is low
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enough to pass the acceleration threshold in Equation
(3.2), therefore if the domain walls were to dominate
over the other fluids they would cause an accelerated
expansion of the universe.

6.2. Scalar fields in the presence of a domain
wall

Knowing the equation of state parameter for domain
walls allows us to use it alongside the scalar field model.
Since the fixed point analysis has been done for set of
general fluids, we can easily model the matter-domain
wall-scalar field system by using γ1 = 1, γ2 = 1/3. The
fixed point analysis for this system has been included
as Table. 7. There are several changes in this table
when compared to the matter-radiation case, Table. 4.
The most notable are due to the inequality γ2 > γ1,
which is not satisfied in this case. The effect of this
change is that the matter scaling solution is always a
saddle point in this system and the domain wall scaling
solution can become stable.

We can use this model to make a measurement of an
important value in the domain walls evolution. It is
established in the literature that in the early universe
domain walls cannot have a density parameter over a
threshold value. If the domain walls exceed the thresh-
old then the predicted values of the density parameter
for the rest of the fluids in the universe, matter for in-
stance, no longer reach the observed values today [28].
The value of the threshold is predicted to be Ωd < 0.12.
If we use the domain wall scalar field model we have
just established, then we can estimate this value via the
use of simulation. We shall use the values of λ1 = 1
and λ2 = 7 that were used previously, as they have
been shown to model the universe correctly, however
in principle the presence of a domain wall could neces-
sitate these values be changed to correctly model the
universe. If we initialise the field in proximity to the
matter scaling solution with a density parameter for
the domain wall ωd = 0.02, adjusted by changing the
z, then the system behaves as seen in Fig. 14. The
value of Ωd is far below the threshold and the universe
evolves as expected, transitioning from matter domi-
nation into a dark energy epoch. We can run a similar
simulation, with the minor alteration Ωd = 0.2 by in-
creasing the values of z. The results of this second
simulation can be seen in Fig. 15. We are clearly be-
yond the threshold value in this case and the evolution
of the universe is altered by the domain walls. In this
case the domain walls briefly dominate, which would
have the effect of an accelerated expansion, however
it takes place earlier than in the case without the do-
main walls present, thus changing the evolution of the
universe.

Running multiple simulations whilst interpolating

the value of Ωd, it was possible to calculate the point
at which the domain walls first dominate. This was
found to be Ωd ≈ 0.18, slightly higher than the ac-
cepted value. The increase in this result could be at-
tributed to the way the threshold was defined in the
simulation, the evolution of the universe is likely to be
effected by the domain wall even if it does not fully
dominate but rather even if it comes close to dominat-
ing, which it does in this system before the measured
threshold.
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Figure 14: Density parameters as a function of time
N for a system with γ1 = 1, γ2 = 1/3 and λ1 = 1,
λ2 = 7, starting with initial conditions in the region of
the matter scaling solution, with Ωd = 0.02. We can
see the domain wall does not dominate and and allows
the system directly into dark energy epoch.
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Figure 15: Density parameters as a function of time
N for a system with γ1 = 1, γ2 = 1/3 and λ1 = 1,
λ2 = 7, starting with initial conditions in the region
of the matter scaling solution, with Ωd = 0.2. In this
case the domain walls start with a sufficiently large
density parameter such that they dominate and change
the evolution of the universe by providing an acceler-
ated expansion too early.

The behaviour we observe in the simulations could
due to the domain wall scaling solution being stable, if
the field gets too close initially then the attractor will
amplify the motion and cause it to increase and dom-
inate. This is not the explanation for the threshold
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requirement theoretically and raises many questions
regarding the theoretical side of the simulations. To
fully test this idea and to gain a more accurate result,
the scalar field model would need to be extended to
include a third background fluid. This would allow for
the presence of matter, radiation and domain wall, all
alongside a scalar field, removing uncertainty in the
effectiveness of the chosen λ1 and λ2. This was not
conducted in this report and hence could form the ba-
sis for future research.

7. CONCLUSIONS

In this report we have seen how the cosmological con-
stant problem motivated alternative models of dark
energy. We have successfully produced a model us-
ing scalar fields and exponential potentials that readily
produces the behaviour required and the late time ac-
celeration as observed. Does, then, our model solve the
cosmological constant problem? Unfortunately not.
There are several idealisations that we have made im-
plicitly that would result in a vacuum energy contri-
bution, just like a cosmological constant. These are
quantum in origin and are associated with the fields
decay, and if or how the field couple to others, matter
say. This would cause quantum fluctuations, i.e pair
creation, that would cause a non negligible contribu-
tion to the vacuum. This is on top of the undesirable
high levels of fine tuning required the get the system
into a state that resembles our own universe mean that
the problems associated with the cosmological constant
still remain.

Fig. 16 can be compared with Fig. 2 to see the
core difference between the scalar field model and the
cosmological constant. Scalar fields track the back-
ground fluids and then break away at later times to
dominate. This dynamical ability gives the scalar field
model a large amount of capability. This is quite appar-
ent since we were able to produce complex behaviour
from a very simple potential. Our model was even
able to make prediction of the time of acceleration and
naive approximation of the domain wall threshold value
at early times. The domain wall discussion, however,
concluded with the suggestion that the model could be
extended even further. This, and the Hubble tension
are interesting applications of the model and show that
research into scalar fields has a positive future. The
dynamical evolution of the field makes it an incredi-
bly versatile tool that could have applications in many
other areas of cosmology and while we were unable to
produce the desired results without fine tuning, it cer-
tainly does not undermine the importance of having
scalar fields in the cosmologist toolbox.
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Figure 16: Log of density parameters as a function of
time N for a system with γ1 = 1, γ2 = 4/3 and λ1 = 1,
λ2 = 7, initial conditions are tuned to have accurate
timings, the density values have not been adjusted,
however, and are in arbitrary units. This figure can be
contrasted with the illustration in Fig. 2, to see that
the model does produce the behaviour required. First
radiation dominates (dotted), then matter (dashed),
and finally the scalar field (solid).
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APPENDICES

Point x y z Existence Stability Ωφ γφ

(a) 0 0 0
All

λ, γ1, γ2

Saddle point for 0 < γ1 < 2
Saddle point for 0 < γ2 < 2

0 -

(b) 0 0 1
All

λ, γ1, γ2

Saddle point for 0 < γ1 < 2
Saddle point for 0 < γ2 < 2

0 -

(c) ±1 0 0
All

λ, γ1, γ2

Unstable node for λ2 < 6
Saddle point for λ2 > 6

1 2

(d)

√
6

6
λ

√
1− λ2

6
0 λ2 < 6

Stable node for λ2 < 3γ1

Saddle point for 3γ1 < λ2 < 6
Stable node for λ2 < 3γ2

Saddle point for 3γ2 < λ2 < 6

1
λ2

3

(e)

√
6

2λ
γ1

√
6

2λ

√
(2− γ1)γ1 0 λ2 > 3γ1

Stable node for 3γ1 < λ2 <
24γ2

1

9γ1 − 2

Stable Spiral for
24γ2

1

9γ1 − 2
< λ2

Saddle point for γ1 > γ2

3γ1

λ2 γ1

(f)

√
6

2λ
γ2

√
6

2λ

√
(2− γ2)γ2

√
1− 3γ2

λ2 λ2 > 3γ2

Stable node for 3γ2 < λ2 <
24γ2

2

9γ2 − 2

Stable Spiral for
24γ2

2

9γ2 − 2
< λ2

Saddle point for γ2 > γ1

3γ2

λ2 γ2

Table 5: Properties of the critical points for a scalar field with a single exponential potential in the presence of
two background fluids, γ1 and γ2. The eigenvalues used to derive the stability can be seen in Table. 9.
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Point x y1 y2 z Existence Stability Ωφ γφ

(a) 0 0 0 0
All

λ1, λ2,
γ1, γ2

Saddle point for 0 < γ1 < 2
Saddle point for 0 < γ2 < 2

0 -

(b) 0 0 0 1
All

λ1, λ2,
γ1, γ2

Saddle point for 0 < γ1 < 2
Saddle point for 0 < γ2 < 2

0 -

(c) ±1 0 0 0
All

λ1, λ2,
γ1, γ2

Unstable node for
λ2

1 < 6 and λ2
2 < 6

Saddle point for
λ2

1 > 6 and λ2
2 > 6

1 2

(d)

√
6

6
λ1

√
1− λ2

1

6
0 0 λ2

1 < 6

Stable node for λ2
1 < 3γ1

Saddle point for 3γ1 < λ2
1 < 6

Stable node for λ2
1 < 3γ2

Saddle point for 3γ2 < λ2
1 < 6

Saddle point for λ1 > λ2

1
λ2

1

3

(e)

√
6

6
λ2 0

√
1− λ2

2

6
0 λ2

2 < 6

Stable node for λ2
2 < 3γ1

Saddle point for 3γ1 < λ2
2 < 6

Stable node for λ2
2 < 3γ2

Saddle point for 3γ2 < λ2
2 < 6

Saddle point for λ2 > λ1

1
λ2

2

3

(f)

√
6

2λ1
γ1

√
6

2λ1

√
(2− γ1)γ1 0 0 λ2

1 > 3γ1

Stable node for 3γ1 < λ2
1 <

24γ2
1

9γ1 − 2

Stable Spiral for
24γ2

1

9γ1 − 2
< λ2

1

Saddle point for γ1 > γ2

Saddle point for λ1 > λ2

3γ1

λ2
1

γ1

(g)

√
6

2λ2
γ1 0

√
6

2λ2

√
(2− γ1)γ1 0 λ2

2 > 3γ1

Stable node for 3γ1 < λ2
2 <

24γ2
1

9γ1 − 2

Stable Spiral for
24γ2

1

9γ1 − 2
< λ2

2

Saddle point for γ1 > γ2

Saddle point for λ2 > λ1

3γ1

λ2
2

γ1

(h)

√
6

2λ1
γ2

√
6

2λ1

√
(2− γ2)γ2 0

√
1− 3γ2

λ2
1

λ2
1 > 3γ2

Stable node for 3γ2 < λ2
1 <

24γ2
2

9γ2 − 2

Stable Spiral for
24γ2

2

9γ2 − 2
< λ2

1

Saddle point for γ2 > γ1

Saddle point for λ1 > λ2

3γ2

λ2
1

γ2

(i)

√
6

2λ2
γ2 0

√
6

2λ2

√
(2− γ2)γ2

√
1− 3γ2

λ2
2

λ2
2 > 3γ2

Stable node for 3γ2 < λ2
2 <

24γ2
2

9γ2 − 2

Stable Spiral for
24γ2

2

9γ2 − 2
< λ2

2

Saddle point for γ2 > γ1

Saddle point for λ2 > λ1

3γ2

λ2
2

γ2

(j) 0

√
λ2

λ2 − λ1

√
λ1

λ1 − λ2
0 λ1λ2 < 0

Stable node for − 3/4 < λ1λ2 < 0
Stable Spiral for λ1λ2 < − 3/4

1 0

Table 6: Properties of the critical points for a scalar field with two exponential potentials in the presence of two
background fluids, γ1 and γ2. The eigenvalues used to derive the stability can be seen in Table. 11
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Point x y1 y2 z Existence Stability Ωφ γφ

(a) 0 0 0 0
All

λ1, λ2
Saddle point 0 -

(b) 0 0 0 1
All

λ1, λ2
Saddle point 0 -

(c) ±1 0 0 0
All

λ1, λ2

Unstable node for
λ2

1 < 6 and λ2
2 < 6

Saddle point for
λ2

1 > 6 and λ2
2 > 6

1 2

(d)

√
6

6
λ1

√
1− λ2

1

6
0 0 λ2

1 < 6
Stable node for λ2

1 < 3
Saddle point for 3 < λ2

1 < 6
Saddle point for λ1 > λ2

1
λ2

1

3

(e)

√
6

6
λ2 0

√
1− λ2

2

6
0 λ2

2 < 6
Stable node for λ2

2 < 3
Saddle point for 3 < λ2

2 < 6
Saddle point for λ2 > λ1

1
λ2

2

3

(f)

√
6

2λ1

√
6

2λ1
0 0 λ2

1 > 3 Saddle point
3

λ2
1

1

(g)

√
6

2λ2
0

√
6

2λ2
0 λ2

2 > 3 Saddle point
3

λ2
2

1

(h)

√
6

6λ1

√
30

6λ1
0

√
1− 1

λ2
1

λ2
1 > 1

Stable node for 1 < λ2
1 < 8/3

Stable Spiral for 8/3 < λ2
1

Saddle point for λ1 > λ2

1

λ2
1

1

3

(i)

√
6

6λ2
0

√
30

6λ2

√
1− 1

λ2
2

λ2
2 > 1

Stable node for 1 < λ2
2 < 8/3

Stable Spiral for 8/3 < λ2
2

Saddle point for λ2 > λ1

1

λ2
2

1

3

(j) 0

√
λ2

λ2 − λ1

√
λ1

λ1 − λ2
0 λ1λ2 < 0

Stable node for − 3/4 < λ1λ2 < 0
Stable Spiral for λ1λ2 < − 3/4

1 0

Table 7: Properties of the critical points for a scalar field with two exponential potentials in the presence of two
background fluids, matter (γ1 = 1) and a domain wall (γ2 = 1/3). The eigenvalues used to derive the stability
can be seen in Table. 11.
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Point µ1 µ2

(a) −3

2
(2− γ)

3

2
γ

(b) 3∓
√

6

2
λ 3(2− γ)

(c)
1

2
(λ2 − 6) λ2 − 3γ

(d) −3

4
(2− γ)

[
1±

√
1− 8γ(λ2 − 3γ)

λ2(2− γ)

]

Table 8: Eigenvalues for a scalar field with a single exponential potential in the presence of one background
fluid, γ. From Ref. [7].

Point µ1 µ2 µ3

(a) −3

2
(2− γ1)

3

2
γ1

3

2
(γ1 − γ2)

(b) −3

2
(2− γ2)

3

2
γ2 3(γ2 − γ1)

(c) 3∓
√

6

2
λ 3(2− γ1)

3

2
(2− γ2)

(d)
1

2
(λ2 − 6) λ2 − 3γ1

1

2
(λ2 − 3γ2)

(e) −3

4
(2− γ1)

[
1±

√
1− 8γ1(λ2 − 3γ1)

λ2(2− γ1)

]
3

2
(γ1 − γ2)

(f) −3

4
(2− γ2)

[
1±

√
1− 8γ2(λ2 − 3γ2)

λ2(2− γ2)

]
3(γ2 − γ1)

Table 9: Eigenvalues for a scalar field with a single exponential potential in the presence of two background
fluids, γ1 and γ2.
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Point µ1 µ2 µ3

(a) −3

2

3

2
−1

2

(b) −1 2 1

(c) 3∓
√

6

2
λ 3 1

(d)
1

2
(λ2 − 6) λ2 − 3

1

2
(λ2 − 4)

(e) − 3

4λ

[
λ±

√
24− 7λ2

]
−1

2

(f) − 1

2λ

[
λ±

√
64− 15λ2

]
1

Table 10: Eigenvalues for a scalar field with a single exponential potential in the presence of two background
fluids, matter (γ1 = 1) and radiation (γ2 = 4/3).
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Point µ1 µ2 µ3 µ4

(a) −3

2
(2− γ1)

3

2
γ1

3

2
γ1

3

2
(γ1 − γ2)

(b) −3

2
(2− γ2)

3

2
γ2

3

2
γ2 3(γ2 − γ1)

(c) 3∓
√

6

2
λ1 3∓

√
6

2
λ2 3(2− γ1)

3

2
(2− γ2)

(d)
1

2
(λ2

1 − 6) λ2
1 − 3γ1

1

2
λ1(λ1 − λ2)

1

2
(λ2

1 − 3γ2)

(e)
1

2
(λ2

2 − 6) λ2
2 − 3γ1

1

2
λ2(λ2 − λ1)

1

2
(λ2

2 − 3γ2)

(f) −3

4
(2− γ1)

[
1±

√
1− 8γ1(λ2

1 − 3γ1)

λ2
1(2− γ1)

]
3

2
γ1(1− λ2

λ1
)

3

2
(γ1 − γ2)

(g) −3

4
(2− γ1)

[
1±

√
1− 8γ1(λ2

2 − 3γ1)

λ2
2(2− γ1)

]
3

2
γ1(1− λ1

λ2
)

3

2
(γ1 − γ2)

(h) −3

4
(2− γ2)

[
1±

√
1− 8γ2(λ2

1 − 3γ2)

λ2
1(2− γ2)

]
3

2
γ2(1− λ2

λ1
) 3(γ2 − γ1)

(i) −3

4
(2− γ2)

[
1±

√
1− 8γ2(λ2

2 − 3γ2)

λ2
2(2− γ2)

]
3

2
γ2(1− λ1

λ2
) 3(γ2 − γ1)

(j) −1

2

[
3±

√
9 + 12λ1λ2

]
−3

2
γ2 −3γ1

Table 11: Eigenvalues for a scalar field with two exponential potentials in the presence of two background fluids,
γ1 and γ2.
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Point µ1 µ2 µ3 µ4

(a) −3

2

3

2

3

2
−1

2

(b) −1 2 2 1

(c) 3∓
√

6

2
λ1 3∓

√
6

2
λ2 3 1

(d)
1

2
(λ2

1 − 6) λ2
1 − 3

1

2
λ1(λ1 − λ2)

1

2
(λ2

1 − 4)

(e)
1

2
(λ2

2 − 6) λ2
2 − 3

1

2
λ2(λ2 − λ1)

1

2
(λ2

2 − 4)

(f) − 3

4λ1

[
λ1 ±

√
24− 7λ2

1

]
3

2
(1− λ2

λ1
) −1

2

(g) − 3

4λ2

[
λ2 ±

√
24− 7λ2

2

]
3

2
(1− λ1

λ2
) −1

2

(h) − 1

2λ1

[
λ1 ±

√
64− 15λ2

1

]
2(1− λ2

λ1
) 1

(i) − 1

2λ2

[
λ2 ±

√
64− 15λ2

2

]
2(1− λ1

λ2
) 1

(j) −1

2

[
3±

√
9 + 12λ1λ2

]
−2 −3

Table 12: Eigenvalues for a scalar field with two exponential potentials in the presence of two background fluids,
matter (γ1 = 1) and radiation (γ2 = 4/3).
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